A set, S, of constitutive elements characterizing mechanical theories is defined. In S, the role played by concepts such as mass, particle, fields and symmetry is discussed. This structure is first used to consider the Nöther's theorem from an algebraic point of view. As examples, we explore non-relativistic quantum mechanics and special relativistic particles. The set S is then applied to analyze non-abelian gauge theories, considering the Higgs mechanism for generation of mass.
Introduction
With the emergence of subatomic theories, in the 1920s, the problem of establishing the basis of quantum mechanics, considering the classical mechanics counterpart, came about [1] [2] . Attempts to address this problem gave rise, over the decades, to numerous works, following different mathematical approaches and physical motivations. Although much of these investigations have been initially restricted to the analysis of classical and quantum premises in the non-relativistic realm, they have led to important discoveries, such as the notion of entanglement and teleportation, crucial keys for quantum computers and quantum network [3] - [5] ; concepts that have been explored in high energy physics [6] . These investigations are mainly considered in two directions, that are at some extent complementary to each other.
One of them is the stochastic methods, that have been used to derive quantum mechanics starting, for instance, from the Liouville equation or from the Fokker-Planck equation [7] - [15] . In another direction, there are attempts exploring the notion of symmetry and representation theories [16] - [20] . The former direction usually emphasizes the nature of the state, being interesting for deriving, for example, the Schrödinger equation, while the later, guided by algebraic structures and symmetries, is useful for generalizations, and can accommodate an abroad class of mechanical systems, that include relativistic, non-relativistic and thermal systems [21] [22] .
For the case of non-relativistic quantum mechanics, Levi-Leblond [23] - [25] was the first to present a systematic study of unitary representations of the Galilei group, leading to the Schrödinger equation and PauliSchrödinger equation, describing, respectively, spin-0 and spin 1/2 non-relativistic particles. A consequence, in terms of premises, was that the spin of a particle should be fully described and physically interpreted in terms of the rotation symmetry. It is important to note that, before these works, it was usual to consider spin in the nonrelativistic quantum mechanics as a relativistic remnant of the Dirac equation.
Although representations of Lie group are key aspects to deriving physical theories, this method, as well as the stochastic analysis, has been only partially explored to address the premises of quantum field theories in comparison with other mechanical theories [6] [15] [18] [26] . This is a demanding problem, since new phenomena and concepts need to be analyzed in detail. The situation is more appealing in non-abelian gauge field theories, as the standard model for particle physics, where the nature of the mechanism for the origin of mass is only partially explained through the introduction of the Higgs bosons, presently under experimental test.
In the present work, our main goal is to construct a systematization for mechanical formalisms, which is established by six constitutive elements. In this context, gauge fields are considered by taking into account counterparts of other theories of motion, such as quantum mechanics and one-particle special relativity. The general algebraic structure is supported by physical (experimental) conditions. A first result is a derivation of a Lie-algebra structure associated to the six constitutive elements. This aspect, which is in turn connected to the Nöther theorem, is important to establish the consistency of the number of six constitutive elements. After analyzing the structure of quantum mechanics and special relativity, we investigate non-abelian fields, discussing the concept of mass, from Newton up to Higgs. We have to emphasize that what is new in the present work is the structure of six constitutive elements fixing the content of theories of motion. This aspect is useful, as aforementioned, for the comparative analysis of theories. In this realm, for instance, a fundamental difference between classical and quantum mechanics is not the nature of the Hilbert space, but the experimental condition imposed by the Heisemberg relations.
The paper is organized in the following way. In Section 2, we present the constitutive elements of a mechanics. In Section 3, there is a demonstration that the constitutive elements induce an algebraic structure of Lie algebra in association with the Nöther theorem. In Section 4, the premisses of the special relativity theory and quantum mechanics are analyzed. In Section 5, non-abelian gauge theory is discussed as a mechanical theory. In Section 6, the notion of mass is analyzed. The final concluding remarks are presented in Section 7. In the Appendix, we review some well know aspects of gauge theories in order to make clear the origin of the six constitutive elements.
Constitutive Elements for Theories of Motion
A theory of movement, a mechanics, can be defined by the following set, S , of constitutive elements (CE).
CE1. Reference systems. A reference system is defined from points in the  is the Euclidian space. Time is defined by clocks and the Euclidian space is defined by the constructions of rods. In both the cases, the definitions are given by considering events relative to each other. The mechanical characterizations of the manifold 4  is specified by the kinematical symmetry of the space time. Since a general symmetry is a continuous mapping 4 4 : Λ →   , Λ can be taken as a Lie-group (see next section for a general explanation). It is important to mention that a clock is defined by any periodic system, such that this periodicity depends on the experimental precision.
CE2. Kinematical variables. The set of kinematical variables,
, is defined as an associative algebra, such that each element of  is in correspondence with aspects of motion taking place in
, , , 

The set C  will be called the set of canonical variables. CE3. Mechanical system. A mechanical system is defined as the object under movement. It can be classified by two categories of primitive concepts. One is the material point, specified by a set of local points of 4  and endowed with the content of momentum. The other is the concept of a field, which is a mechanical system with no local characteristics in 4  and not reducible to material point; but in general it is endowed with the content of momentum [27] [28] . Mechanical systems, described by points or by field, or both, can interact with each other. The definition of momentum will be given later in association with the specification of a mechanical system (see CE6).
CE4. State of a mechanical system. The mechanical state  is defined by a set of kinematical variables, expressing the maximal mechanical information that can be obtained from a system. Considering the pair ( ) 
which is defined by local laws, leading to a description of the mechanical system based on differential equations. Considering local laws, in the next section, we discuss the nature of Lie group of transformations Ω . Therefore, Ω has to be compatible with the transformations Λ . One specific case is when Ω ≡ Λ ; however, Λ , the space-time symmetries, can be only a sub set of transformations Ω . This is the case of gauge theories. In addition, as a physical imposition,  is invariant by the transformations Ω ; this means that one can discuss the motion of a system, considering a change in the state, or a change in the observables, or both. These three possibilities, however, have to be compatible to one another. An example of such possibilities is quantum mechanics, which can be built up in the Schrödinger or Heisenberg or Dirac picture. It is important to emphasize that gauge conditions, introduced by symmetries, determine the way the interaction takes place in a system. Therefore, changes in a mechanical state is defined by the symmetry Ω , giving rise to causal relations among two different conditions of the state of the system. For an infinitesimal association between
, we have an differential equation invariant under Ω . The Lie symmetry structure of Ω (next section) is a central element to define the physical conditions of causality [29] [30] CE6. Specification of mechanical systems. The specification of a particular mechanical system is given by a function of the state of the system, ( )   , which is an invariant under .
Ω The state function ( )   is called the Lagrangian density and is used to get the causal law among states, by a variational principle, defined by the action defined by
The equations of motion, the causal law, will be the Euler-Lagrange equations and are given by the functional equation 0 δ =  . (We do not consider here no-local causal law, leading a description of systems based on integral-differential equations.)
Lie-Algebra Structure of Ω and Nöther's Theorem
In this section, using physical (experimental) ingredients of the motion, we show that the set of transformations Ω is equipped with a Lie-algebra structure. We consider a Heisenberg description, where the mechanical changes are determined by the kinematical variables of the linear space
The change in an element A ∈  is described by a parameter τ ∈  , such that
. On the other hand, this change can be specified by the action of a generator, say B ∈  , using a linear mapping ( )
This mapping ( )
, equips the vector space  with an algebraic structure, that remains to be identified [31] .
For simplicity, we consider that each element of  can be interpreted as a physical observable and a generator of changes. Then a physical restriction is that one variable C cannot impose mechanical changes on itself; this means that ( )
that is, the mapping (,) is antisymmetric.
Since  is an associative algebra, there is a product,  , defined in  , : 
which is the Jacobi identity. Then the mapping ( )
, equips the linear space  with a Lie-algebra with derivation.
From these results, we observe that an invariant quantity, say ( ) I  , derived from a parameterized transformation Ω on the action  , given in Equation (1), is an invariant under a Lie group. In other words, the quantity ( ) I  is a Lie symmetry invariant; and as such it can be written in association with a conserved current. Therefore, this provides an algebraic way to derive the Nöther's theorem. This structure of Lie symmetry is a basic tool for defining the physical (experimental) notion of causality [29] [30].
Two Examples: Special Relativity and Quantum Mechanics
In this section we investigate the constitutive elements of mechanical system with two examples: one particle special relativistic system and one particle quantum mechanics.
Special Relativity
The constitutive elements of a particle in special relativity are identified in the following way.
CE1. Reference systems. The reference systems is defined from points in the , physically describing the following aspects. a) Location: the 4-vector x specify the location of the material point in space-time. If we have a system with N material points, as a relativistic gas, then we have N points in  accounting for the distribution of particles in the Euclidian space and its time evolution. b) Movement: the second aspect of the state  , the 4-momentum p , stands for an intrinsic characteristic of the system associated with its motion. In this case, it is related to the 4-velocity of the material point. We could include in  the 4-acceleration and other high derivatives. But the choice is determined by experiments. Considering the pair ( ) It is important to consider now another representation for relativistic particles, the Poisson-Liouville formulation of special relativity. In this case, the state is defined by a Λ -invariant density of probability ( ) 
Explicitly, we then note a separation of generators of symmetry, as M µν , and observables, as m µν , defined in the phase space. In this formulation, the mapping
, defining measurables quantities, is given by
, ; f q p t q q t p p t δ δ = − −
, where ( ) q t and ( ) p t are solutions of the relativistic Einstein equations for one-particle, the Poisson-Liouville formulation is equivalent with the Hamilton equations.
The representations of the Lorentz algebra, given in Equation (5) has been analyzed in the literature [21] . However, considering the set of constitutive elements  , we then have other possibilities of representation for the algebra given by Equation (5). One example is given by introducing the following operators in phase space
Then we can define ; . P aP bP Q cQ dQ
Now we can calculate the values of the constants a, b, c and d, leading to a representation of the Poincaré-Lie algebra by introducing the generator .
In order to get a representation of the Lorentz-Lie algebra, given by Equation (5), the constants a, b, c and d in Equation (6) have to satisfy the following condition 1 ad bc + = . This gives rise to many other different representations to be explored. These representations as well as the non-relativistic limit, leading to the Galilei-Lie algebra, will be analyzed in detail elsewhere. Let us discuss now, a quantum mechanical system.
Quantum Mechanics
A mechanical theory describing the movement of one quantum particle is given by the following set, S, of constitutive elements. CE1. Reference systems. A reference systems is defined from points such that the mapping 4 4 :
CE2. The set of kinematical variables,
, is defined by the associative algebra of linear operators acting on a Hilbert space,  , defined by the complex functions 4 4 : f →   , in general of class n C , such that f is a scalar, tensor or an spinor in the Euclidian space 3  . The subset C ⊂   , of canonical coordinates as given by the 3-position, q , and the 3-momentum, p . In a quantum mechanical system, by experimental reasoning, the Heisenberg relations have to be fulfilled. For instance for position and momentum, we have ,
CE3. The mechanical system is a non-relativistic material point, interacting to each other by a potential. For electrons such a potential is given by the electromagnetic field.
CE4. The state of a quantum mechanical system is ψ q is a amplitude of probability. If we have a system with N material points, as a quantum mechanical gas, then we have N points accounting for the distribution of particles in the Euclidian apace and its time evolution. b) the probability content of ( ) ,t ψ q stands for an intrinsic characteristic of the system associated with the movement.
Considering the pair ( ) [27] .
CE6. The specification of the particular mechanical system is given by a function of the state of the system, ( )   which is an invariant under Ω , the Galilei group. The state function, the Lagrangian density, ( )   is then used to get the causal law among states, by the variational principle, defined by action by
This leads to the Schrödinger equation describing the motion of a quantum particle. In this case the Lagrangian
, where H is the Hamiltonian of system. The representation of quantum mechanics in phase space has been explored starting with the Wigner formalism, based on the notion of quasi-distribution function. In this case representations of the Galilei group in phase space has been analyzed following in parallel to the Lorentz symmetry, considered in the last Section [21] . This aspect will be developed in a separate investigation. However, it is important to note here that different formalisms of classical or quantum mechanics can be accommodated in the set of Constitutive Elements and analyzed in comparison to one another.
Constitutive Elements of Non-Abelian Gauge Fields
One goal in this section is to consider the Constitutive elements of non-abelian gauge-fields, in order to perform a conceptual analysis, in the next section, about the notion of mass, from Newton to Higgs. In order to fix the notation and to emphasize important aspects of our discussion, we review in the Appendix some elements of a gauge theory.
CE1. Reference systems. In a (abelian or non-abelian) gauge theory, the reference systems are taken from special relativity, i.e. the Minkowski space. The set of transformation 
The procedure of quantization is carried out, consistently, by the definition of a generating functional for correlation function of the system. With this procedure, the basic physical observables are established. In particular, the cross-section of a physical process, such as the scattering of particles, can be defined and compared with experiments by using correlation functions.
CE3. The mechanical system. In quantum field theory, a mechanical system is described by a field. A gauge field will describe the process of interaction among the matter field; that is the case of the Dirac field describing electrons or quarks. The notion of mass of a field is still defined with the characteristics of a Newtonian material point with inertia, and is a Lorentz scalar, obtained from the energy-momentum tensor.
CE4. The state characterizing a field is a vector in m m ⊗ = ⊕   . One important state is the vacuum, the fundamental states = Φ ∈  , from which we can construct other states describing for instance one-electron, or two-electrons, etc. interacting with each other. It is important to note that the name "one-eletron" is still designated by one-particle state. However, we describe particles here as follows: a sharp-localized field in the Minkowsky space,  . The vacuum state is Lorenz invariant. Other aspects are worth mentioning. a) Location: a 4-vector q that specifies the location of a particle in space-time is an information within the state of the system, say Ψ ∈  . b) Movement: as in the relativistic particle case, a 4-momentum, p , stands for an intrinsic characteristic of the system associated with the motion. Considering the pair ( )
, where A is an observable, the mapping
is given by the bilinear form A Ψ Ψ . CE5. Changes in the state of the mechanical system. The changes in the state Ψ driven by a symmetry Ω have the Lorentz group as a sub set of symmetries. Usually, the Heisenberg representation is used, such that the states are fixed and the time evolution is driven by the evolution of the fields. The symmetry Ω includes the gauge symmetry, as specified in the Appendix.
CE6. Mechanical system. The specification of a particular mechanical system is given by the Lagrangian density ( )
where ( ) 
[ ]
Z  demands the introduction of two other elements [21] : i) in order to take into account the noncommutativity of the fermion fields, ψ has to be a Grassmann variable; ii) for accounting the the gauge invariance
of [ ] Z  , ghost fields are introduced in the Lagrangian given in Equation (7), following the Fadeev-Popov methods; iii) the gauge field is massless in order to keep the gauge invariance of  . However, to account for mass, as for the case of electro-weak interaction, a boson field is introduced in  , such that methods of spontaneous symmetry breaking can be explored, as a mechanism for giving rise to mass. In the sequence we analyze this aspects in more detail.
The Notion of Mass from Newton to Higgs
We analyze now the notion of mass. Our aim here is not to provided a complete historical account about the developments of the concept of mass, but describe the basic improvements in the concept of mass considering the set of Constitutive Elements (CEs). We start with the concept of mass as it was first introduced by Newton in his Principia, Book I, Definition I, as the quantity of matter [32] . In the Book I, Definition III, Newton introduce mass also as a measure of the inertia; i.e. the resistance of a particle to have its state of motion changed by the interactions with another particle (taking as an example a mechanical system described by two particles). The quantity of motion, the momentum, is introduced in Definition II. As emphasized first by Poisson, the notion of material point (or material particle) was implicitly given in the Newton's definition of mass. Such a notion was generalized also by Newton, considering problems in hydrodynamics, following the Pascal's achievements. From the XVIII Century on, with Euler, Lagrange, Laplace, Hamilton and Poisson, a new formalism for classical mechanics is constructed, using new concepts such as energy and gravitational potential. Later, the notion of mass was included in concepts such as the energy momentum-tensor, in order to accommodate the mechanical description of the continuum media. All these concepts were then generalized in two aspects: to accommodate relativistic particles and subatomic physics.
Considering the mechanical constitutive elements, the notion of mass arises as an element defining the characteristics of a particle, taken as a primitive concept. As such, mass has to be an invariant under the spacetime symmetry Λ . However, a particle can be characterized by other invariants. Considering for instance an electromagnetic-interacting particles, beyond the mass, the electrical charge is another primitive characteristic, also Λ -invariant, characterizing a particle such as an electron. In a more general condition, a particle is fully defined by the set of invariants under the more general symmetry Ω . This invariance accommodates internal symmetry, such as spin and color. The procedure of measurement of mass is defined by the process of experimental characterization of the symmetry Ω . In addition, due to the equivalence principle in general relativity, the mass is also considered as the source (the charge) of the gravitational field, being present in the energymomentum tensor, which is used to defining the curvature in space-time, according to the Einstein equations. Considering the particle-physics standard model, the mass is introduced by the Higgs mechanism of spontaneous symmetry breaking. As we have observed in the previous section, the gauge field is a zero mass-field by the definition of the gauge symmetry. The original Lagrangian can be improved by introducing a Higgs field in interaction with the gauge field, in order to give rise to a mass term, exploring the concept of spontaneous symmetry breaking, in a way which is similar to the Ginzburg-Landau theory for superconductivity. Although this is an intricate and ingenious mechanism, providing to some extent an explanation for the appearance of mass, the primitive kinematical characteristic of mass is still the same. This is due to the dispersion relation of a particle, which associates the notion of mass in quantum field theory with the primitive concept of matter introduced by Newton.
Concluding Remarks
In this work we have characterized a mechanical theory from the point of view of six Constitutive Elements (CEs), that is: CE1, the reference systems; CE2, the kinematical variables; CE3, the mechanical system; CE 4, the state of a mechanical system; CE5, the changes in the state of a mechanical system; CE6, the specification of a (particular) mechanical system. These CEs are introduced by taking as a starting point the symmetries of space-time, which in turn is associated with measurement procedures. Such a structure gives rise to a unified description for theories of motion and has been used here to analyze the Newtonian mechanics, fluid mechanics, non-relativistic quantum mechanics, one-particle special relativity and quantum field theories.
From this structure the main results include: i) notions such as particle and fields are described under the unified perspective of a mechanical theory; ii) the demonstration that the CEs has a Lie-symmetry structure in association to the Nöther theorem for conservation laws; iii) considering the Dirac theory for relativistic Hamiltonian mechanics, we obtain a general family of representation of the Lorentz group in phase-space; (iv) nonabelian gauge fields are taken as a representation of the six CEs and, under this perspective, the notion of mass is then analyzed since Newton-regarded as the quantity of matter and a measure of the inertia-, to Higgsassociated to the notion of spontaneous of symmetry breaking.
Some aspects of this analysis are in order. First we notice that the experimental nature of the movement leads to a specific nature of mechanics. For instance, we conclude that a crucial difference between classical and quantum mechanics is the experimental conditions imposed by the Heisenberg relations. In this case, a mechanical theory for subatomic systems is intrinsically different from a classical mechanics. But how far is one to the other? Indeed, from the perspective of the set of CEs, one would say that the systems are described by the same mechanical theory, where the differences are emerging from the representation. In particular, this implies that there is nothing "intrinsically quantum mechanical" with the Hilbert space. This is the case for classical theories defined in the simplectic Hilbert spaces [21] . Similar achievements are derived from the comparative analysis of a relativistic and a non-relativistic classical particle. Here the experimental condition of invariance of the velocity of light imposes the Lorentz symmetry for the space-time, such that the Galilei group arises from a low velocity limit. From this point of view, keeping in mind the set of CEs, we conclude that the space and time symmetries (the kinematics) used for describing a specific movement is strongly associated with our experimental capacity. In other words, depending on the prescription, we can use different kinematics, which are in turn defined by measurements. That means that, notions like space and time are fully specified in physics by the relations among objects in movement, which is the main characteristic used for defining a measurement process. This leads us to the conclusion that the Galilei or the Lorentz symmetries are constrained by the experimental conditions; and as such, these set of symmetries are not ontological structure of the space time. This is the case of the conformal symmetry, that can be broken by the Higgs-like mechanism. Therefore, considering the set of CEs, a theory is valid by itself in a domain defined by the experimental characterization of the movement. This establishes a picture of relations among theories, that combines symmetry and representations. Discarding experimental evidences, one can extrapolate such a picture in different directions, which can be mathematically consistent, but can no longer be called a mechanical theory.
Finally, it is important to mention that, the structure of the CEs can be extended to equilibrium thermodynamics and thermal quantum field theories, by using thermofield dynamics [21] [33] . This analysis is in progress and will be presented elsewhere.
